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Abstract. In this paper we give some conditions for a class of functions related 
to Bessel functions to be positive definite or strictly positive definite . We present 
some properties and relationships involving logarithmically completely monotonic 
functions and strictly positive definite functions. In particular, we are interested 
with the modified Bessel functions. 
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1. Introduction 

A complex valued continuous function / is said positive definite (resp. strictly 
positive definite ) on R if for every reals numbers X\,x<i, ■■■Xn and every complex 
numbers z%, z 2 , ■■■z n not all zero, the inequality 

N N 

^2 ^2 z i^f{xj - x k ) > (resp. > 0) 

3=1 fc=l 

holds true ( see [B] ). 

We denote by V (resp. V s ) the class of such functions. 

Bochner's theorem [I] characterizes positive definite functions as Fourier transform 
of nonnegative finite Borel measure on the real line. 

A function / is said to be completely monotonic (CM) on an interval / C 1, if 
/ E C(I) has derivatives of all orders on J° (the interior of I) and, for all n EN, 

(-l) n f {n) {x)>0, xEl°; n EN. 

The class of all completely monotonic functions on I is denoted by CM(I). 

A function / is said to be logarithmically completely monotonic (LCM) on an interval 

I C R, if 

/>0, fEC(I), 
has derivatives of all orders on 1° and, for all n E N \ {0}, 

(-l) n [ln/(s)] (rt) > 0, x E 1°; n>\. 
l 
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The class of all logarithmically completely monotonic functions on / is denoted by 
LCM(I). We have LCM(I) C CM (I). 

Berstein's theorem [3] asserts that / is completely monotonic function if and only if 

/ is the Laplace transform of nonnegative finite Borel measure on [0, oof. 

In 1938, Schoenberg [11] studied the completely monotonic functions and proved 

that theses functions are closely related to positive definite functions. 

H. Wendland [H] was interested by strictly positive definite functions, and present 

a complete characterization of radial functions as being strictly positive definite on 

every M. d . 

Levy Kinchin theorem asserts that a probability measure d\x supported on [0, oo[ is 
infinitely divisible if and only if it's Laplace transform of an logarithmically com- 
pletely monotonic function. 

In this paper, we consider a function class related to the modified Bessel functions. 
In the first part we prove that among theses functions there are whose positive defi- 
nite and strictly positive definite. In the second part we present some properties and 
relationships involving logarithmically completely monotonic functions and strictly 
positive definite functions. In particular, we are interested with the modified Bessel 
functions of the second kind. 



Our paper is organized as follows : in Section 2, we present some preliminaries 
results and notations that will be useful in the sequel. In Section 3, we present some 
properties of the Bessel transform, the Bessel translation operator and the Bessel 
convolution product. All of these results can be found in [7] and [2]. In Section 
4, we give some conditions for a class of functions related to Bessel functions to 
be positive definite or strictly positive definite. Much attention is devoted to the 
Bessel function, the modified Bessel function of second kind and the Bessel-Fourier 
transform. In Section 5, We present some properties and relationships involving log- 
arithmically completely monotonic functions and strictly positive definite functions. 
As applications, in Section 6, using Schoenberg theorem [11] and Wendland theorem 
[H], we prove logarithmically monotonicity for a class of functions related to the 
modified Bessel functions of second kind. In particular, it' is well known that the 

function — — in not completely monotonic, we will prove that the function 

a+1 is even logarithmically completely monotonic. We note that Ismail [TO] 

X~K a (y/x) 

prove that the function — t=— „ is completely monotonic. We derive some new 

inequalities for the modified Bessei functions of second kind. 



strictly positive definite and logarithmically completely monotonic functions 

2. Notations and preliminaries 



The normalized Bessel function of index a > — ~ is the even function defined by: 

1, x = 



(1) ja(x) = 

where J n is the Bessel function of first kind and index a. Thus 



(2 ) ,.(,)= £<zffi£±&£ 

^— ' n!r(n + a + 1 2 

n=0 



(3) |j Q (x)|<l, a;>0, a>-i 



(4) 



i r 1 -i 

— ■=—. / (l-iT 2 cos( xt)dt. 



The modified Bessel function I a of first kind and index a is defined by: 

+°° fx\2n+a 

(5) W = X) itv m xiv a^-l,-2,-..;xeR. 

u!l m + a + 1) 

n=0 v y 

On can see easily that 

I a (x) > 0, Va > -1, Vr > 0. 

The modified Bessel function K a of second kind (called sometimes Macdonald func- 
tion) and index a is defined by: 

(6) K.(x) = £ '-(*) -'.(i) 

2 sin air 

where the right-hand side of this equation is replaced by its limiting value if a is an 
integer or zero. 

By using the familiar integral representation 

r+oo 

(7) K a {x)= e- xcosh{t) cosh{at)dt, x > 0, 

Jo 

we deduce that 

(8) K a (x) > 0, Vet G E, Va; > 0. 
Bell [3] showed that 

1 /T\a /"+ 00 i 1 

(9) K Q (x) = — T -(-) / e~ xt (t 2 - l) a ~ 2 dt, a>-~, x>0. 

We denote by C the set of continuous functions and Co its subspace of functions 
vanishing at infinity, S the Schwartz space of infinitely differentiable and rapidly 
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decreasing functions, T> the space of infinitely differentiable even functions with com- 
pact support, LP the set of p-power integrable functions with respect to the measure 
dx on M, LP a the set of p-power integrable even functions with respect to the measure 
x 2a+l dx on [0,oo [. The symbol M + stands for the set of nonnegative finite Borel 
measure on R. 

3. Harmonic analysis related to Bessel translation operator 

In this section we present some properties of the Bessel transform, the Bessel 
translation operator and the Bessel convolution product [TJ. 

The Fourier-Bessel transform J-" a is defined for / E D(M.) by: 

r+00 

(10) T a f{x) = c a / f(t)j a (xt)t 2a+1 dt, x > 0, 

Jo 

where 

(11) c a = r 

v ; 2 a r(a + l) 



Theorem 1.1) For f E L 2 a , we have T a (f) £ L 2 a and 

(12) ll^(/)ll 2 = ll/ll 2 - 
2) For f E L\, we have J" a (/) £ C and 

(13) ll^«(/)lloo ^I/Ill- 
s'; Let 1 < p < 2 andp' = For f E LP a , we have J= a {j) E IJ& and 



(14) 



\\^U)h< 



pp 
p p 



The Bessel translation T" is defined for / E L p a1 p > 1, a.e by: 



(15) 

where 
(16) 



l?f(v) = c 



f(z)D(x,y,t)t 2a+l dt, x^O. 

T a f(y) = m, 



D(x,y,t) 



2 3a - 1 T 2 (a + 1) [A(x,y,t)] 

,2o 



2a-l 



v^r(« + i) ( xyt y 

A(x,y,t) is the area of the triangle [x, y, t] if this triangle exists and if not. We 
have 



r+00 

a / D(x,y,t)t 2a+1 dt = 1. 
Jo 
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If / is continuous on [0, +00 [, we have 

(17) 7?/(y) = f(Vx 2 + y 2 + 2xy cose) (sin 9) 2a d9. 

y/nT(a + 2) Jo V / 

Theorem 2. 1) For \,x,y G [0, +00 [ and f G L\, we have 

(18) T?j a (\y)=j a (\x)j a (\y), 

(19) ^ (7?(/)) (y) = j a (xy)T a (f)(y). 
2) For f G L p a , we have T«f(y) G L p a and 

(20) ll^/||<||/|| p . 

The Bessel convolution product is defined for f,g G L\ by: 



(21) 



r+00 

f**g(x) = c a / T:f(y)g(y)y 2a+1 
Jo 



dy. 



Proposition 1. Let f and g be in L\, then 

(22) f* a geLl 

and 

(23) J 7 a (f* a g)=J c a(f)Fa(g)- 

Theorem 3. 1) Let 1 < r < +00 ; f G L r a and g G L^, then 

(24) ll/*«0ll r < Wflhh, 



(25) 



11/ *« ^lloo ^ 



1 1 1 

Mir" - + ^7 = 1 - 



111 

2) Lei p, g, r 6e m ]1, 2], such that - = — I 1. 

r p q 

For f G L p a and g G L q a , we have 



(26) 
and 

(27) 

where B r , 



f* a geL r a 



||/*a^|| r <S p S,S r 

Q+l 



1 1 



- + 7J = 1 ' 
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4. STRICTLY POSITIVE DEFINITE FUNCTIONS RELATED TO BESSEL FUNCTIONS 

A complex valued continuous function / is said positive definite (resp. strictly 
positive definite ) on M if for every reals numbers X\, x%, ...x^ and every complex 
numbers z 1( z 2 , ...Zjv not all zero, the inequality 

N N 

(28) Yl z M(xj ~ Xk) > (resp. > 0) 

3=1 k=l 

holds true. 

In this section we give some conditions for a class of functions related to Bessel func- 
tions to be positive definite or strictly positive definite. 

Proposition 2. For a > — |, we have 
1) 

(29) j a G V. 

2) Let fi G M + such that fi G V s . Then the function 



(30) / UxOdfi(x) G V s 

Proof. 1) It's known that [13] 



(31) j a (x) = 1 [ (1 - t 2 ) a ^ cos(xt)dt. 
By Bochner's theorem we conclude. 

2) Since j a G V, hence the proof is done by corollary 6.6 in [5]. ■ 

Theorem 4. For a > 0, the even function x a K a (x) is strictly positive definite on 
R. 

Proof. For a > 0, the even function x a K a (x) admit the Basset's integral represen- 
tation (H3J, p 172): 

(32) ^ Ka(x) = ^ + \) r cosW x€R 

By Bochner's theorem we have 

(33) x a K a (x) G V. 
Using the Bell integral representation [3], we obtain 

(34) x a K a (x) G L x . 

we conclude by theorem 6.5 in [5] ■ 
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Theorem 5. 1) Let (p be a nonnegative function in L\ , then 

(35) F a { v ) e V. 

2) Let ip be a nonnegative continuous function in L\ and not identically zero, then 

(36) TJw) E V s . 
Proof. 1) Let 

%ii -^2t ■ ■■■> %n sre reals numbers and z%, Z2, z n are complexes numbers 

, we have 

n n r+oo n n 

^^ZjZ^J^a^iXj - X k ) = / ^ ^ Zj yj (f(t) (z k y/ <f{t) )j a (xjt - X k t)dj2 a (t) . 
j=l k=l ^° 3=1 k=l 

Since j a EV, we conclude. 

2) By 1), we have ^(v 9 ) £ 'P- Bochner's theorem asserts that there exists a nonneg- 
ative finite Borel measure /i such that J^y?) = A, with /2(0) = J- a ((p)(0) > 0. By 
the Riemann-Lebesgue lemma, we have lim J r Q (^)(0 = 0. Then the support of \i 

|£|^oo 

must contain an interior point and hence by theorem 6.8 in [2], we conclude . 



Example 1: For < a < (3 and a > 0, the even function 

(37) <j> a A%) = y^r ^^(ag) e V 

where K n is the modified Bessel function of second kind. 



Proof : For < a < (3 and a > 0, we put 

1 



<Pp( 



x 



(x 2 + a 2 f +v 

Then, ipp E L a is continuous positive function. By (PQ, p 254), we have: 
1 f°° 1 a 01 ' 13 

Fai^ B)(x) — r / -TT, on a , t ja(xt)t 2a+1 dt = — -X l3 ~ a K 8 _ a (ax) . 

«wa i 2 a r(a + l)7 {t 2 + a 2 Y+ lJ v ; 2°r(a + l) p v ; 

Thus, the proof is done by the last theorem. 

Example 2: For — 1 < a < j3 and a ^ 0, the function 

(38) cf> a ^x) = a^\F 1 {l + L a + 1; -±aV) E V s , 

where \Fi is the hypergeometric function. 

Proof : For — 1 < a < (3 and a ^ 0, we consider the even function 

W/3( x ) = x l3 ~ a e~^ 1 , x > 0. 
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Then, ip a ^ G L\ is continuous, nonnegative function and 

hence the proof is done by the last theorem. 

Corollary 1. For a > — \, let if G L\ be a nonnegative junction, then 

(39) F a {T x <p) E V. 
Proof. We have: 

F a {T x ip) = j a (x. 

Since j a G the last theorem complete the proof. I 
We consider the Wiener algebra 

(40) A a = {feL 1 jr a (f)eL 1 a }. 

Theorem 6. Let ip G A a H C, T^ip) > and ip non vanishing. Then ip G V s . 
Proof. Let p G A a H C, by the inversion formula we have 

p = T a {T a {ip)) . 

Since J- a {ip) > 0, then p G V . Moreover p G T* and p non vanishing , then p E V s 



Corollary 2. Let </? G fl C ; J^a^p) > and </? non vanishing. Then 

(41) TV = 5 ( * a ^P s 
and 

(42) PV =ft*^eP s , 

where E t and p t are respectively the Gauss and the Poisson kernels associated to the 
Bessel operator given by: 

-it 

e 4t 



(II) ,„(,■)- " - ^ 



(2t)< 

2 a+1 r(«+ 3N 



v 7 ^ (t 2 + x 2 ) r ( a +i) 
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5. Relation between strictly positive definite function and 
logarithmically completely monotonic functions 

5.1. Definitions and properties: 

Definition 1. A function f is said to be completely monotonic (CM) on an interval 
I cR if f G C(I) has derivatives of all orders on 1° and, for all n G N, 

(45) {-l) n f in) {x) > 0, xel°; fieN. 

The class of all completely monotonic functions on I is denoted by CM(I). 

Lemma 1. The sum and the product of completely monotonic functions are also. 

Definition 2. A function f is said to be logarithmically completely monotonic (LCM) 
on an interval I C R if 

f>0, feC(I), 
has derivatives of all orders on 1° and, for all n e N \ {0} ; 

(46) (-l) n [ln/(x)] (n) > 0, x G i°; n > 1. 

The class of all logarithmically completely monotonic on I is denoted by LCM(I). 
Proposition 3. 

(47) LCM (I) C CM (I). 

Definition 3. A function <p : [0, oo) — y R is said to be positive definite on M. d if the 
corresponding multivariate function <j) := y(||.|| 2 ) is positive definite on every M. d . 

In [TT] Schoenberg establish the connexion between positive definite radial and com- 
pletely monotone functions. 

Theorem 7. (Schoenberg) A function (p is completely monotone on [0, oo) if and 

only if '(f) := II - II 2) ^ s P os tti> ve definite on every M. d . 

In [13] Wendland was interested by strictly positive definite functions and present 
a complete characterization of radial functions as being strictly positive definite on 
every M d . 

Theorem 8. (Wendland ) For a function <p : [0, 00) — > R the following three prop- 
erties are equivalent 

(1) tp is strictly positive definite on every M. d ; 

(2) vKx/v) ^ s completely monotone on [0, 00) and non constant; 

(3) there exists a finite nonnegative Borel measure v on [0, 00) that is non concen- 
trated at zero, such that 

POO 

cp{r) = / e- rH dv(t). 
Jo 
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Proposition 4. For a > 0, the even function 
(48) x? K a (^x~) G CM(]0, oo[), 

where K a is the modified Bessel function of second kind. 
Proof. By Theorem HI if a > 0, then 

x a K a (x) G V s . 

Since this function is C°°(IR) and positive on ]0, oo[, we conclude. 



The next result exist in [8]. We give an elementary proof. 
Theorem 9. Suppose that 

f G C(I), f > and /' G CM(I). 

Then 



Proof. Proving by induction that: 



For n — 1, we have 



- G LCM(I). 



(n) 



•l) n ( hi(j) ) > 0, Vn > 1. 



Suppose that 



:-i) ( Hj, 



( i \ (fc) 

l) k (Hj)j > 0, VI < fc < n. 



(i) 



I>0. 



Put /' = / — . By the Leibnitz formula, we get 



(/') 



(n) 



flH 



f 



(n) 



fc=0 



Then 



/ 1 \ (n+l) n / 1 \ 



(n-fc+1) 



(n-fc+1) 



which readily yields 



i) n+ 7 ( Hj) 



(n+l) 



(-l)«(/') (n) + 



EcJK-i)*- 1 ^)^] 



-l)n-*+l ( ln (_l) 



(n-fc+1)" 
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Since / > 0, /' G CM(I) and (-l) fc ( ln(-) J > 0, VI < fc < n, we obtain 

1 \ (n+l) 



( ln(j) ) > 



which complete the proof. 



Theorem 10. Let ip : [0, oo[— > K. and </?' non vanishing . 
Suppose that 

ip = fleV s nc°°. 

Then 

"7(7) eLCM(0 ' oo) ' 

Proof. Since <p G "P, by Bochner's theorem there exist /i G M + such that (p — jl. 

Since G C 00 , By corollary 6.3 in |5j, we have 

x 2 /i G M + and - </ G P s 

Let 

/ = V(V0, 

then 

/'(*) = -^"(v^- 
Since -</ G then -</(^T) G CM(0,oo). 

Moreover G CM(0, oo) , hence /' G CM(0, oo). Since / > 0, we conclude by the 

v ' 

last theorem. 



Corollary 3. Let ip : [0, oo[— > K. and y^™) non vanishing for all n > 1. 
Suppose that 

Then 

^ Vn > 1. 

Proof. By induction : 

Since ip = fi £ V s C\ C°° and <// non vanishing, then 

77-^ e CM - 
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Thus by Wendland theorem 

-—eP s . 

Suppose that 
Then 

1 

—. e V s . 



Hence 

1 ^ 



<f)' 

witch complete the proof. 



(p( n ) 



G V s 



6. Applications 

6.1. A class of logarithmically completely monotonic functions related to 
the modified Bessel functions of second kind. 

Theorem 11. For a > 0, the function 

(49) 1 €LCM(]0,oo[). 

Proof. By theorem 6.4 in [3], we have 

(50) ±- [x a+1 iT Q+1 (x)] = -x Q+1 K a (x). 
By proposition HI we have 

x a+1 K a+1 (x) G? s nr 

and is non vanishing. Theorem 10 complete the proof. ■ 

Proposition 5. For a > and (3 > 0, 

(51) gaJ >{x) = §fj^) G C ' M(]0 ' °° [) - 

Proof. For a > and /3 > 0, using proposition 4 and the last proposition we have 

^eCM(]0,oo[), 
x^Kc+tiy/x) G CM(]0,oo[), 

and 

a _^l - — G £CM(]0, oo[) C CM(]0, oo[). 

X 2 K a (yfx) 
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The product gave the result. ■ 



Proposition 6. For a > 0, 

(52) K a (y/x) e LCM(]0,oo[). 

Proof. In [9], Ismail gave the integral representation 
K a .. x (y/x) 4 f°° t~ l dt 

Using the relationship , Watson ([13], p: 79) 

(54) K'Jx) = ~{K a ^(x)+K a+l (x)} x>0, a > 0, 
we find 

(55) [Lu [K a w*m - — 2 ^ Ka {^) - —a + v^m J 

By the last integral representation, It's clear that 



y/xK a (y/x) 

Since 



G CM(]0,oo[). 



Thus 

- [Ln (^))]'gCM(]0,oo[). 

and 

K a (y/x) e LCMQO, oo[). 



Proposition 7. Let a > 0, xq > and K a (- s /xo) = 1, then 
(56) A a{ x) = La{ -* iV - x)) £WM {M . 

Proof. Put 

ya(z) = -Ln (K a (y/x)) , x > x . 
Since iT Q is decreasing on ]x , +oo[, we have 

< K a (yfx) < K a (y/X^) = 1, X > Xq. 

We have prove in the last proposition that 

y' a {x) = - [Ln (# a (V£))]' e CM(]x , oo[). 
Theorem 9 completes the proof. 
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6.2. Inequalities for the modified Bessel function of the second kind. 

Definition 4. (logarithmically-convex) A positive function defined on a interval 
I is said to be log-convex if Ln(/) is convex, i.e for all x,y E I and A G [0, 1], we 
have 

(57) f(Xx + (l-X)y)<[f(x)] x [f(y)] 1 - x . 

We have immediately the following result: 

Lemma 2. If f is L CM function on an interval /cR, then f is log-convex on I. 
Theorem 12. For a > 0, 

1) if x, y > 0, then 



(58) K. (J*!?) < < (f±§) ' K a 

2) if x,y > x > 0, where K a (y/x^) = 1, then 



x + y 



(59) yJ-Ln (K a {y/xj) ^-Ln (K a (y/y)) < -Ln ( K a { y 2 

In eac/i o/ £/ie above inequalities equality hold if and only if x = y. 
Proof. 1) By Proposition 6, we know that for a > 0, the function 

K a (y/x) e LCMQO, oo[). 
Thus it is log-convex on ]0, oo[. We get 



By Theorem 11, we know that for a > 0, the function 

S5T^ : — g^CM(]0,oo[ 
Thus, it is log-convex on ]0, oo[. We get 



2) By Proposition 7, we have, for x,y > x > 0, where K a {y/xo) = 1 

A ° W= Ln(g„U) eLCM(1X0 -°° [) - 
Thus, it is log-convex on ]x , oof. We get: 

Aa(^) < A a (x)A a (y), 
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which completes the proof. ■ 
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